The phase transition of hadronic to quark matter and the boundaries of the mixed hadron-quark Isospin effects in asymmetric matter appear relevant in the high chemical potential regions at lower temperatures, of interest for the inner core properties of neutron stars and for heavy ion collisions at intermediate energies.
Introduction
It has been suggested that a phase transition would take place from hadronic matter to deconfined quark-gluon matter at sufficiently high density and/or high temperature. There has been considerable interest in relativistic heavy-ion collisions which could offer the possibility of producing a hot and dense matter and/or plasma of deconfined quarks and gluons. Up to now, experimental data on the phase transition have been extracted from ultrarelativistic collisions of almost isospin-symmetric nuclei, having a proton fraction Z/A ∼ 0.4 -0.5, in a region of very small chemical potentials. These experimental data from ultrarelativistic collisions could provide the possibility of studying the phase transition and testing effective QCD models.
The interest in the transition at high baryon and isospin densities has been recently growing from the possibility of using new heavy ion facilities at intermediate energies and for the interest in the properties of the inner core of neutron stars where the transition to deconfined quark matter can likely occur. Now the main problem is that we do not have fully reliable effective QCD thoeries able to describe the two phases so the main approach has been based of a two-EoS model with the Gibbs conditions. In fact this scheme has been widely used to make predictions on the phase transition in the interior of neutron stars (e.g., se the recent [1, 2] and refs. therein). We remark that, even in the two-EoS approach, only a few papers have studied the phase diagram of hadron-quark transitions at high baryon density in connection to the phenomenology of heavy-ion collision in the ten A GeV range (intermediate energies) [3] [4] [5] [6] [7] .
In Ref. [3] the phase transition from hadron to quark matter has been firstly analyzed also for isospin asymmetric matter. In this work, a Relativistic Mean Field (RMF) model, involving the interaction of baryons with isoscalar scalar and vector fields and with the isovector ρ meson and pion field, was used for hadronic matter and a MIT-Bag model involving massless u and d quarks was adopted for quark matter. More recently, Refs. [4, 5] , the RMF approach was extended to the isovector-scalar δ-field to study symmetry energy effects on the possible formation of a mixed hadron-quark phase at high baryon density during intermediate energy collisions between neutron-rich heavy ions.
We remind that the nonlinear Walecka model (N LW M ) [8, 9] based on the RM F effective theory, has been extensively applied to study the properties of nuclear matter and neutron star, stable nuclei and then extended to the drip-line regions. In the last years some authors [10] [11] [12] [13] [14] have stressed the importance of including the δ(a 0 (980)) field in hadronic effective field theories for asymmetric nuclear matter. The role of the δ meson in isospin channels appears relevant at high density regions [10] [11] [12] [13] [14] and so of great interest in nuclear astrophysics.
In order to describe the medium dependence of nuclear interactions, a density dependent relativistic hadron (DDRH) field theory has been also suggested [15] [16] [17] . The density dependent meson-nucleon couplings are based on microscopic Dirac-Brueckner (DB) calculations [16, 18] and adjusted to reproduce some nuclear matter and finite nuclei properties [15] [16] [17] . Recently the density dependent coupling models have been applied to the neutron stars [19] .
In this paper, we use the constant coupling (NL-RMF) scheme and the DDRH model for hadronic matter and the MIT bag model for quark matter. We study the phase transition of hadronic to quark matter and in particular the dependence of the boundaries of the mixed hadron-quark coexistence phase on the choice of the Bag pressure. Our study leads to the appearance of a Critical-End-Point of the mixed phase for low values of the Bag parameter. Moreover recently a similar effect due to a density variation of an effective Bag constant has been observed using a Nambu-Jona Lasinio (NJL) model, with dynamical varying masses for the quark phase [20] .
We also want to see the effects of the different hadronic models on boundaries of the mixed phase. We find that the critical temperature at low chemical potential is almost not affected by variation of the hadron EoS and the Bag-constant dependence can be well reproduced by a naive ultrarelativistic massless quark gas model. Conversely the critical chemical potential at vanishing temperature is very sensitive to the EoS of the hadronic part. Furthermore the mixed phase structure at high baryon density is affected by the hadron EoS, especially in isospin asymmetric matter. This has been observed when the isovector-scalar δ meson is included and when some density dependence of the isovector meson couplings are introduced.
The present paper is organized as follows. In order to give more emphasis on the new obtained results we report in the Appendices all the details about the effective Equation of State adopted in the two sectors: in Appendix A both models used for hadronic matter are described while in Appendix B we introduce the MIT-Bag model at finite temperature for quark matter.
The Gibbs phase transition conditions are presented in Sect.2. The results are shown and discussed in Sect.3. Sect.4 is devoted to a detailed analysis of the Bag constant dependence of critical end points in temperature and chemical potential. Finally some conclusions are drawn in Sect.5.
The phase transition
According to the Gibbs conditions for phase transition, the temperatures, the chemical potentials, and pressures of hadronic matter have to be identical to that of quark matter inside the mixed phase. Moreover we must require the conservation of the total baryon and isospin densities :
where χ is the fraction of quark matter in the mixed phase. The densities and chemical potentials for hadronic matter are defined as
and consistently for quark matter we have
The asymmetry parameters for hadronic and quark matter are defined, respectively,
and the total asymmetry is
Nucleon and quark chemical potentials, as well as the pressures in the two phases at the fixed asymmetry and a fixed temperature, can be obtained directly from respective EoS, as shown in detail in the Appendices A and B..
In the hadron sector we will use the Non-Linear Relativistic Mean Field models, [10, 12, 21] , with different structure of the isovector part, already tested to describe the isospin dependence of collective flows and meson production for heavy ion collisions at intermediate energies, [13, 22, 23] . We will refer to these different Iso-Lagrangians as: i) N L, where no isovector meson is included and the symmetry term is only given by the kinetic Fermi contribution, ii) N Lρ when the interaction contribution of an isovector-vector meson is considered and finally iii) N Lρδ where also the contribution of an isovectorscalar meson is accounted for. See details in Appendix A1.
We are well aware that there are several uncertainties on the stiffness of the symmetry energy at high baryon density, mainly due to the lack of suitable data, see the reviews [12, 24] . Therefore we will show also results with effective hadron interactions based on RMF models with density dependent meson-nucleon couplings (DDRH forces, Appendix A2) that present much softer symmetry terms at high baryon density.
As already mentioned, in the quark phase we use the MIT-Bag Model, Appendix B, where the symmetry term is only given by the Fermi contribution. An important part of this work is the study of the Bag-constant dependence of the transition.
Results: Properties of the Coexistence Zone
The EOS for hadronic and quark matter is used to calculate the baryon and the quark chemical potentials, as well as the pressures in the two phases at the fixed isospin asymmetry and temperature.
We study the phase coexistence region in the (T, ρ B , ρ 3 ) space and even the properties inside the mixed phase [5] . For a fixed value of the total asymmetry α T and temperature T, we find solutions of the Gibbs conditions for both cases of χ=0.0 and 1.0. In this way the boundary of the mixed phase region in the (T, ρ B ) plane can be obtained. Finally we can get the full phase transition diagram by repeating the procedure.
In our calculations we have used m u = m d = 5.5 M eV . We will only consider the two-flavor case (q = u, d) in the bag model and the interactions between quarks are neglected as a first step. In fact in this work we are mainly interested in the study of the Bag Pressure dependence of the results. In order to obtain the binodal boundaries and the phase diagram, an iterative minimization procedure is adopted in the search for the solutions of the Gibbs conditions. In Fig.1 we present the phase diagram of hadronic-quark matter coexistence in (T, ρ, ρ 3 ) space with B 1/4 =160 MeV in the N Lρ and the N Lρδ models. In order to see the effects of different RM F models on the phase diagram, we also use the DDRH − RM F model to describe the hadronic matter with the same bag constant to calculate the mixed phase coexistence diagram, the results are given in Fig.2 .
From Figs.1 and 2 we notice that the main differences between N L − RM F and DDRH − RM F models are the boundary densities (ρ Q B /ρ 0 and ρ H B /ρ 0 ) for the quark and hadronic phases at zero temperature in the isospin asymmetric case. Both models give almost the same critical temperature T c =130 MeV, which then is not related to hadronic EoS differences as well as to the isospin asymmetry of the matter.
In order to know the effects of different values of the bag constant on the hadronic-quark matter coexistence in (T, ρ, ρ 3 ) space, we use B 1/4 =190 MeV and the two RM F models to calculate the phase transition diagrams; the results are shown in Figs.3 and 4, respectively. Like in the previous B 1/4 =160 MeV case, we can see that the behaviors of the binodal boundaries for symmetric matter in the quark and hadronic phases in (T, ρ) space given by the both N L − RM F and DDRH − RM F models are roughly the same. At variance, for asymmetric matter interesting isospin effects are appearing on the critical points at high baryon density and low temperatures, directly related to the high density behavior of the symmetry energy in the hadron phase [5, 20] , see also the discussion in Appendix A. In fact we get that for both Bag-constant choices the boundaries of α T =0. 
Same as in Fig.1 with If we look at the (T, ρ) inset in Fig.5 , we note that three main regions exist :
(1) The "opening" region at low baryon densities and high temperatures. We can see from i (k) ). We note that the hadron pressure is mostly of thermal nature and with a positive antifermion contribution in this region. The µ B in the quark part is always much larger than the current quark masses (m u = m d =5.5 MeV) and so we can have a fast increase of the ρ Q B .
(2) The "re-opening" region at high baryon densities and low temperatures. In this region, µ B is larger than the nucleon effective mass. This means that E ⋆ i < µ ⋆ i for the hadronic part, the nucleon fermion distribution will not be small and so the ρ H B will show a fast increase with µ B , also because the antifermion negative contribution is of course reduced. The interaction part of the hadron pressure shall increase. In correspondence we need a fast increase also of the ρ This important result at low temperatures and high densities will be further discussed in detail in the next Section, in particular in connection to the Fig.11 .
Baryon and quark densities as a function of the bag constant at T=0.
Dependence of the binodal surface on the Bag constant
We will focus our analysis on results for isospin symmetric matter. In Fig.7 we plot the density boundaries of the binodal region at T=0 as a function of the bag constant B 1/4 in the interval 140-240
MeV. The dotted line is the quark matter limit density ρ Q B /ρ 0 , the solid line is the hadronic matter limit density ρ H B /ρ 0 . We clearly see that both limits are increasing with larger Bag values, as expected from the fact the the energy per particle in the quark phase is increasing. It can be also seen that ρ In Fig.8 Finally, as already noted, we must remark that no µ c = 0 solutions are existing at zero temperature for very small Bag constants, B < (135 M eV )
4 . This is due to the fact that at low temperature and final chemical potential the hadron pressure, cannot compensate the quark pressure in the coexistence region, as we can also see from Fig.11 . Of course this effect is depending on the EoS in the hadron sector. This point will also be discussed in the next subsection.
Ultrarelativistic gas model
For the quark sector we can use as a reference the naive fermion ultrarelativistic gas model, considering only free quarks in the Bag. Consistently with the results obtained before, no gluons are included. The pressure is simply given by [25, 26] 
where g Q = gQ = 12 is the spin-color-flavor degeneracy factor. The condition P Q = P H will give the critical line of the transition to the quark deconfined matter. Neglecting the hadron contribution (P Q = 0 condition), from the Eq. (12) we can easily get the two critical end points, at zero chemical potential and at zero temperature, as a function of the Bag parameter. At µ = 0 we get a critical temperature
in a very good agreement with the results obtained from the Gibbs conditions, solid line in Fig.8 . The hadron EoS is not contributing to the critical temperature at zero chemical potential, as we can also clearly see from the Figs.1 and 2. The reason is that at µ = 0 only thermal vacuum excitations contribute to the pressure, ruled essentially by the particle degrees of freedom, which are much larger for the quark phase [26] . This is nicely confirmed by the Fig.10 where we plot the temperature evolution of the pressure in the two phases at µ = 0. We see that the hadron pressure is almost negligible up to the crossing points (the T c obtained from the full Gibbs conditions). We can estimate an increase at much larger temperatures, due to the onset of anti-hadron contributions, also related to a decrease of the effective nucleon masses..
Of course at µ = 0 one can argue that the nucleon mass is too high to be thermally excited and in fact it is known that the hadronic matter is now dominated by pions. It is then interesting to compare the hadron pressure obtained from the RM F approach with the results of a pure massless pion gas pressure P π , dotted line of Fig.10 , given by [26] 
where g π = 3 is the pion degeneracy. The critical temperatures are almost not affected. A more refined model would be to include all the mesonic resonances with their masses. However this does not significantly change the hadronic pressure up to T ≃ 150 − 160 M eV [27, 28] . We nicely see that the pure thermal hadron pressure is only ruled by the particle degrees of freedom, as already noted.
At variance if we perform the same analysis at T = 0 in order to get the B-dependence of the critical quark chemical potentials we get
which corresponds to baryon chemical potential, Eq.(B7),
which is in large disagreement with the results obtained from the Gibbs conditions, solid line of Fig.9 , corresponding to a linear fit µ c = a + bB 1/4 , with a = 680 M eV and b = 5.7, we note two differences: i) The B 1/4 slope is below the 6.33 value expected by the pure quark gas model; ii) We need a constant term a = 680 M eV . Both points are related to density dependence of the hadron interaction, that now cannot be neglected. The different slope comes from interaction contributions to the pressure in the hadron phase. The added constant is due to the presence of the nucleon rest mass in the hadron chemical potential. It is difficult to work out an analytical derivation of these effects since the relation between pressure and chemical potential in the hadron sector is not simple and naive Fermi gas models are largely overestimating the pressures in P − µ B plots [29] . We can only state that at zero temperature and large chemical potentials the critical points are very sensitive to the hadron contribution. This can be easily seen from Fig.11 where we show the fully calculated pressures P Q and P H vs.
the baryon chemical potential at zero temperature. We show also the points on the line P Q = 0 corresponding to the deconfinement conditions without hadron contributions. We clearly notice the difference in the crossing points with and without the hadron part. The critical chemical potentials get rather larger values (of about a 50%) with the hadron contribution and also the B-dependence looks different. Finally we can work out a simple consistency check of the results shown in the Figs. 7 and 9 using the zero temperature relationship between quark chemical potentials and densities ρ q = µ 3 q /π 2 . Since
Using the critical quark chemical potential parametrization of Fig.9 , µ c = a + bB 1/4 , with a = 680 M eV and b = 5.7, we nicely get the B 1/4 dependence of the quark baryon density limit line of the coexistence region shown in Fig.7 .
Concluding remarks
We use the two kinds of RMF models for hadronic matter, with constant and density dependent couplings, and the MIT-Bag model for the quark matter to study the boundaries of the mixed coexistence phase in the transition from hadronic to quark matter. Binodal surfaces and critical end-points for different isospin asymmetries are obtained using different hadronic models and various MIT Bag constants. The Bag Pressure dependence of the critical points is very interesting since we clearly show the difference between two regions:
• High Temperature and Low Baryon Chemical Potential.
The hadron EoS is not important: we get the same T c for any hadron EoS, even including a pure massless pion gas contribution. Isospin effects in asymmetric matter are also negligible. In conclusion the critical temperature at zero chemical potential, when existing, only depends on the value of the Bag constant. In fact we show that if small Bag values are used the binodal surface is shrinking at low densities and finite temperatures and eventually no continous solutions down to µ = 0 are found for B < (150 M eV ) 4 .
We note that a T c comparison with recent lattice QCD calculations with physical quark masses [28] would indicate an effective Bag constant, at low µ, around B ≃ (180 − 190 M eV ) 4 .
• High Baryon Chemical Potential and Low Temperature.
Now we have just the opposite evidence: the Critical Chemical Potential µ c is clearly dependent on the interaction in the hadron phase. Actually we even show that if small Bag values are used the binodal surface is shrinking at high densities and finite temperatures and eventually no µ = 0 solutions are found for B < (135 M eV ) 4 .
Moreover for asymmetric matter all that translates into relevant isospin effects, very sensitive to different symmetry energy terms in the Hadron EoS. These results are of interest for all nuclear systems at high baryon and isospin density and moderate temperature, like neutron star formation and inner core structure and/or heavy ion collisions at intermediate energies.
where the effective chemical potential µ i ⋆ is determined by the nucleon density ρ i
and the µ ⋆ i is related to the chemical potential µ i in terms of the vector meson mean fields by the equation
where µ i are the thermodynamical chemical potentials µ i = ∂ǫ/∂ρ i . The chemical potentials for proton and neutron are given by, respectively
The proton and neutron chemical potentials can be denoted in terms of the baryon and isospin chemical potentials by the equations
The scalar density ρ s is given by
A1.1 Parameters
The isovector coupling constants, ρ-field and ρ + δ cases, are fixed from the symmetry energy at saturation and from Dirac-Brueckner estimations, see the detailed discussions in refs. [10, 30] .
The coupling constants, f i ≡ g Table 1 . The corresponding properties of nuclear matter are listed in Table 2 . Here the energy per nucleon is defined E/A = ǫ/ρ − M . Table 2 . Saturation properties of nuclear matter.
A2 Density Dependent coupling model
The Lagrangian density, with δ meson, now reads
where φ is the φ-meson field, ω µ the ω-meson field, b µ the ρ meson field and δ the isovector scalar field of the δ-meson, respectively. F µν ≡ ∂ µ ω ν − ∂ ν ω µ and G µν ≡ ∂ µ b ν − ∂ ν b µ . The most important difference to conventional RMF theory is the contribution from the rearrangement self-energies to the DDRH baryon field equation. The meson-nucleon couplings g σ , g ω , g ρ and g δ are assumed to be vertex functions of Lorentz-scalar bilinear forms of the nucleon field operators. In most applications of DDRH theory, these couplings are chosen as functions of the vector densitŷ ρ 2 =ĵ µĵ µ withĵ µ =ψγ µ ψ.
The variational derivative of Lagrangian density Eq. (A16) is
The density dependence of the vertex functions g σ , g ω , g ρ and g δ produces the rearrangement contribution Σ R µ
and
where u µ =ĵ μ ρ is a four-velocity with u µ u µ =1. The Dirac equation takes the conventional form
where Σ µ = g ω ω µ + g ρ τ · b µ − Σ R µ and Σ s = g σ φ + g δ τ · δ. The field equation of baryon in the mean-field approximation (MFA) is 
where ρ i (i = p, n) and ρ si are baryon and scalar nucleon densities, respectively. The EoS at finite temperature in the MFA is given by 
and the baryon and isospin chemical potentials in the hadron sector consistently defined like before, Eq.(A14).
